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Abstract. The standard Poisson structures on the flag varieties G/P of a complex reductive 
algebraic group G are investigated. It is shown that the orbits of symplectic leaves in G/P 
under a fixed maximal torus of G are smooth irreducible locally closed subvarieties of G/P, 
isomorphic to intersections of dual Schubert cells in the full flag variety G/B of G, and 
their Zariski closures are explicitly computed. Two different proofs of the former result are 
presented. The first is in the framework of Poisson homogeneous spaces and the second 
one uses an idea of weak splittings of surjective Poisson submersions, based on the notion 
of Poisson— Dirac submanifolds. For a parabolic subgroup P with abelian unipotent radical 
(in which case G/P is a Hermitian symmetric space of compact type), it is shown that all 
orbits of the standard Levi factor L of P on G/P are complete Poisson subvarieties which 
are quotients of L, equipped with the standard Poisson structure. Moreover, it is proved that 
the Poisson structure on G/P vanishes at all special base points for the L-orbits on G/P 
constructed by Richardson, Rohrle, and Steinberg. 



Introduction 

0.1. First we fix some notation. Let G be a connected reductive algebraic group over C. 
Fix a pair of dual Borel subgroups in G, and set H = fl B~ for the corresponding 
maximal torus. Denote the corresponding Lie algebras by g, b^, and f). Denote by A and 
A"*" the set of all roots, respectively all positive roots, of g with respect to f). Let F be the 
set of all positive simple roots of g. For a subset J of F, let be the standard parabolic 
subgroups of G, containing respectively the Borel subgroups B^. Let Lj = Pj~ fl PJ be 
the common Levi factor of Pf. Denote by and the unipotent radicals of B^ and 
Pf, respectively. Set pj = LieP^, ij = Lie Lj, = LieU^, and Uj = LieUf. 
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0.2. We fix a nondegenerate bifinear invariant form (., .) on q for which the square of the 
length of a long root is equal to 2. Recall [3, eq. (1.1)] that the standard r-matrix of g is 
given by 

V— V (a, a) 

(0.1) r, = J2^^^aAfa 

a 

where {eQ,}a€A+ and {/a}aeA+ ^ire any sets of root vectors of g, normalized by [ca, fa] = 
Q!^ = 2a/ {a, a). (In the last equation, I) and i)* are identified via the restriction of the 
form (., .); for a G A+, and fa are root vectors for the roots a and —a, respectively.) 
The standard Poisson structure on G is given by 

(0.2) TTG = L(r,) - Rir,) = x^(r,) - x^^ir,). 

Here I'(rg) and R{rg) refer to the left and right invariant bi vector fields on G associated 
to rg e A^g ^ A^TeG. 

For any subset J C F, the standard parabolic subgroup Pj is a Poisson algebraic 
subgroup of (G, TTg). The natural projection 

(0.3) VJ--G^ G/P+ 

induces the following Poisson structure on the fiag variety G/Pj-. 

(0.4) TTj := rjj^{7i) = -xifg), 

see [3, Theorem 1.8] and Proposition 1.3 below. Throughout the paper, for an action of G 
on a variety M, we denote the extension to Ag of the infinitesimal action of g on M by 

X : A0 ^ F(M, ATM). 

For brevity, we set rj = r]0 and tt = 7r0. 

Since the Poisson structure ttq vanishes on H, the left action of H on G/Pj preserves 

0.3. In this paper we investigate the geometry of the Poisson structures ttj on the flag 
varieties G/Pj. This continues our work with Brown in [3], which we shall refer to as 
Part I. 

Before we state the main results of the paper, we introduce some notation on Weyl 
groups. The Weyl group of the pair (G, H) will be denoted by W. For w G W, we will 
denote by w a representative of w in the normalizer of H. If a formula does not depend 
on the choice of this representative the dot will be omitted. The Weyl group of (Lj, H), 
naturally thought of as a subgroup of will be denoted by Wj. Recall that each coset 
in W/Wj has unique minimal and maximal length representatives. The sets of those will 
be denoted by VF^in ^max respectively. Denote the longest elements of W and Wj 
by Wo and w^. 

For w eW and J C F, set 

(0.5) xi = wPj- eG/Pj, Xyj^xl^wB+ eG/B+. 



POISSON STRUCTURES ON FLAG VARIETIES 



3 



0.4. The following Theorem summarizes some of our results (Theorems 1.5, 1.8, 4.6, and 
Proposition 4.2). Recall from Part I, [3, eq. (2.11)], the notation 

(0.6) = U-^Wi n B+W2B+, Wi,W2eW 

where for w & W, 

(0.7) c/- = t/-nAd„(t/-). 



Theorem, (i) There are only finitely many H-orbits of symplectic leaves on {G/Pj,ivj), 
parametrized by pairs {wi, W2) G W^^^ x W such that wi < W2 in the Bruhat order. The 
torus orbit corresponding to the pair (^1,^2) is given by 

and is biregularly isomorphic to the intersection By,^^w^ = B~Xy,^ HB'^x^^ of dual Schubert 
cells in the generalized full flag variety G/B^ . Thus, the H-orbits of symplectic leaves on 
{G/B~^,n) are exactly the intersections of dual Schubert cells Byj^^^^. 

(ii) For each pair {wi, W2) as above, the Zariski closure ofS^_^^^^ in {G/Pj, txj) is equal 
to the union ofS:!,^ ,^^^ over those pairs {vi, V2) G VF^ax ^ ^ '"^^^^ '^1 — '^2 for which there 
exists z e Wj such that wi < viz and W2 > V2Z. 

(iii) If Pj is a parabolic subgroup of G with abelian unipotent radical {in which case 
G/Pj^ is a hermitian symmetric space of compact type), then all Lj -orbits on G/P^ are 
complete Poisson subvarieties of {G/ Pj ,7rj) and all of them are quotients of the standard 
Poisson group structure on Lj. 

In addition, we prove that in the case of Hermitian symmetric spaces of compact type 
the Poisson structure ttj vanishes at the base points for the Lj-orbits constructed by 
Richardson, Rohrle, and Steinberg [18]. In this case, we also characterize explicitly the 
i^-orbits of symplectic leaves which fall within a given Lj-orbit. This relates part (i) and 
(iii) of the above Theorem. It is done in Theorem 4.13 and will not be formulated here 
due to the amount of notation it requires. 

The partition of the partial flag variety G/Pj into i/-orbits of leaves coincides with 
Lusztig's partition [13] of G/Pj into locally closed subvarieties which are isomorphic to 
intersections of dual Schubert cells in the full flag variety G/B^ . More precisely, «S^j^u,2 = 
w'^ (^^ notation of [19, Section 5]) where w'2 and W2 are the unique elements 

in VF^in and Wj such that W2 = W2W2. This follows, e.g., from the discussion in Rietsch 
[19, Section 5] and §1.5 below. 

We also derive explicit formulas for the restrictions of the Poisson structures ttj to the 
open i?~-orbit in Hermitian symmetric spaces of compact type for classical groups and 
show that in all cases those are the quasiclassical limits of classes of quadratic algebras 
that attracted a lot of attention in the theory of quantum groups (see Section 5). While 
those classes were previously studied case by case, our work conceptually unifles them. 
Finally, in the exceptional case Eq we flnd a new interesting quadratic Poisson structure 
on a 16 dimensional afflne space, related to a half-spin representation of soiq. 
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0.5. We offer two different proofs of the first part of Theorem 0.4. The first one, which 
appears in Section 1, uses the theory of Poisson homogeneous spaces. The second one (see 
Section 3) is more geometric and is based upon the notion of Dirac-Poisson submanifolds 
[5, 26]. The latter are submanifolds of a Poisson manifold (M, 11) which in general might 
not be Poisson submanifolds but have the property that their symplectic leaves are exactly 
the connected components of their intersections with the symplectic leaves of (M, H). 
The second approach uses the idea of weak splittings of surjective Poisson submersions, 
developed in Section 3. Briefly, if p : (M, H) — > (N, tt) is such a submersion, a weak splitting 
of it is a partition of = Ll^g^ A^a into complete Poisson submanifolds and liftings i : 
Na — > M of the restrictions of the submersions p|p-i(Ar„) such that {ia{Na), ia*{MNa)) ctre 
Dirac-Poisson submanifolds of (M, H). If such a weak splitting exists, then the symplectic 
leaves of the base (AT, tt) are just the connected components of the inverse images under 
the maps i^ of the symplectic leaves of (M, 11) . It is interesting to note that in the present 
situation the needed partition of {G/Pj~,7rj) is exactly the partition into Schubert cells. 
The second proof of Theorem 0.4 grew out from our attempt to understand geometrically 
the observation [3, Remark 3.10]. 

0.6. As was noted earlier, many interesting quadratic algebras are quantizations of the 
algebras of functions on particular Schubert cells in particular flag varieties. The idea of 
weak splittings of surjective Poisson submersions also suggests that the primitive ideals of 
those algebras can be obtained as push forwards from the primitive ideals of localizations 
of quotients of the quantized algebras of functions on simple groups under non-algebra (!) 
maps. We plan to return to this in a forthcoming publication. 

In the case when the parabolic subgroup Pj has abelian unipotent radical, there exists 
a real form Gq of G for which Gq fl Lj is a maximal compact subgroup of both Gq 
and Lj. In [18], an explicit order-reversing bijection is constructed between the Lj- 
orbits on G/Pj~ and the Go-orbits on G/Pj~ which were studied in great detail in the 
framework of symmetric spaces by Wolf [24], Takeuchi [22], and others. It is interesting 
to understand whether this bijection can be further reflned to a bijection between torus 
orbits of symplectic leaves of the Poisson structure ttj and orbits of leaves of a real Poisson 
structure on G/Pj, e.g. the one of Foth and Lu [8]. 

Finally, let us note that parts (i) and (ii) of Theorem 0.4 show that each intersection 
of dual Schubert varieties in G/Pj~ (i.e., each Richardson variety [2] in G/P^) is the 
Zariski closure of a single H-oihit of symplectic leaves. This suggests the possibility to 
construct explicit degenerations of Richardson varieties by deforming algebraically the 
Poisson structure ttj and looking at how torus orbits of symplectic leaves deform. This 
could provide a Poisson geometric approach to Schubert calculus. 

0.7. We conclude the introduction with some notation to be used later in the paper. 

If {cKi, ... ,Q!iv} denotes the set of positive simple roots of the reductive Lie algebra Q 
and 7 = riiai is an arbitrary root of 0, then the aj height of 7 is defined by (7) = Uj. 
The support of 7 is defined by 



SUPP7 = {aj \ l<i <N, Uocjij) ^ 0}. 
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If F is a vector space, then for a given tt G A^V we will use the standard notation for 
the linear map 

(0.8) 7r»:F*^F, 7r«(0=ej7r. 

For a subspace Vi C F, we set 

(0.9) (Vi)° = e 1/* I ^{v) = for all v G Vi}. 

In particular, these notations will be used for a Poisson bivector tt G (M, A^TM), in which 
case tt'^ : T*M — » TM is a bundle map. A submanifold X of (M, tt) will be called a 
complete Poisson submanifold if it is stable under all Hamiltonian flows, that is, if it is 
union of symplectic leaves. 

Given an algebraic group G and an element g & G, we will denote by Adg both the 
conjugation action of g on G, Adg{h) = ghg~^, and the adjoint action of g on LieG. As 
usual, ad^: will be used for the adjoint action of Lie G on itself. 

As in Part 1, we will use the following convention to distinguish between double cosets 
and orbits in homogeneous spaces. For two subgroups C and D of a group G and an 
element g e G : (1) The notation GgD will denote the double coset of g in G, and (2) the 
notation C.gD will denote the C-orbit of gD G G/D. 

Finally, for a locally closed subvariety Y of an algebraic variety X and a subset Z of F, 
Cly(Z) will denote the Zariski closure of Z in Y . 

1. Torus orbits of symplectic leaves in flag 
varieties via poisson homogeneous spaces 

1.1. In this section we study the geometry of the Poisson structure ttj on the flag variety 
G/Pj by the techniques of Poisson homogeneous spaces, cf. [3, Section 1]. 

First we introduce some more notation to be used in the rest of the paper and recall basic 
facts on minimal and maximal length representatives for cosets in Weyl groups. Denote 
the set of all roots of (Ij, 1)) by Aj and the corresponding subset of positive roots by Aj = 
A J n A+. Recall that the (unique) minimal length and maximal length representatives w 
of a coset in W/Wj are characterized respectively by 

(1.1) «'(A+)cA+ 

and 



(1.2) ^(A+) c -A+. 

Recall that there are two natural bijection between W^^^ and VT^ax given by 

(1.3) V e Wi^^ ^ vwi e Wi^^ and v e W^^^ ^ WoV e W^^^ 



where Wo and are the longest elements of W and Wj. 
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1.2. Recall that, in the terminology of [3, §1.3-1.4], the standard Poisson algebraic group 
(G, ttg) is a part of the algebraic Manin triple {G x G, Gdiag, F) where Gdiag denotes the 
diagonal subgroup oi G x G and F is the dual Poisson algebraic group, given by 

(1.4) F = {{hu^,h-^u-)\heH, eU^}. 

On the level of Lie algebras, we have the standard Manin triple (g © 5, 0diag,5*) where 
0* = Lie F and the bilinear form on g © g is 

(1-5) xa), (yi, 2/2)) = {xi, yi) - {x2, ^2), 

in terms of the nondegenerate bilinear form (., .) on g fixed in §0.2. 

1.3. Proposition, (a) The orthogonal complement ofpj in the dual Lie bialgebra Q* for 

the standard Lie bialgebra structure on g is (pj)"*" = rij © {0}. 

(b) The standard parabolic subgroup Pj of G is a Poisson algebraic subgroup for the 
standard Poisson structure tiq- 

(c) The pair (^G/Pj, "Uj^^tig)) is a Poisson homogeneous space for the standard Poisson 
algebraic group (G, ttg). The Poisson structure r}j^{TTG) is equal to — xl'^e) (^iT'd will be 
denoted by ttj for brevity. 

(d) The Drinfeld Lagrangian subalgebra {cf. [7]) of the base point x{ = ePj of the 
Poisson homogeneous space in (c) is 

(1.6) Ij = {{I + n+,l + n+)\le Ij, n+ e n+} C g © g ^ D{g). 
It is the tangent Lie algebra of the connected algebraic subgroup 

(1.7) Lj = {{lu+, lu+) \leLj, u+ e U+} 

of G X G; in particular, {G/P^,ii,j) is an algebraic Poisson homogeneous space for the 
standard Poisson algebraic group (G, ttq) in the terminology of [3, Definition 1.7]. 

The proof of Proposition 1.3 is analogous to that of [3, Proposition 3.2] and will be 
omitted. 

Below we will need the following well known Lemma. 

1.4. Lemma. All B~ -orbits on the flag variety G/Pj are parametrized by M^^ax by 
w I— > B~x^. Moreover B~x^ is biregularly isomorphic to U~, recall (0.7), by 

ueU- ^ uxi- 

For completeness, we will sketch the proof of the second part of Lemma 1.4. For any 

w e W, one has B' = U'iB' H Ad^{B+)). If w e W^^x then (1.2) implies that 
n~ n AdTO(n~) C Ad^^, (uj). Since U~ and Adw{UJ) are connected subgroups of G, it 
follows that U~ C Ad^{Uj), which easily implies the second statement in Lemma 1.4. 
Set 

(1.8) = {{wi, W2) e W^^^ xW\wi< W2}. 
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1.5. Theorem. There are finitely many H -orbits of symplectic leaves on {G/Pj 
bijectively parametrized by Q"^ , and all of them are smooth irreducible locally closed subva- 
rieties ofG/Pj. The H -orbit of leaves corresponding to {wi,W2) G fi"^ is explicitly given 
by 

(1-9) ^Wl,W2 ~^li>l,1J^2-Pj 1 

recall (0.6), and is biregularly isomorphic to the intersection Bwi,w2 = B~Xwi ^B^Xw2 of 
dual Schubert cells in the full flag variety G/ . 

In particular, the H -orbits of symplectic leaves on {G/B'^,7r) are exactly the intersec- 
tions of dual Schubert cells -6^,1, indexed by pairs {wi,W2) &WxW such that wi <W2- 

It is easy to see that, while U^j^^w2 depends on the representative of wi in the normalizer 
of H, the set <S^^ ^^^^ 

Proof. It follows from [3, Theorem 1.10] that the iJ-orbits of symplectic leaves in {G/Pj, ttj) 
are smooth locally closed subsets of G/Pj. Moreover the same Theorem implies that they 
are exactly the irreducible components of the inverse images under the map 

(1.10) A : G/P+ ^{Gx G)/Lj, A{gP+) = {g, g)Lj 

of the (5+ X S~)-orbits on (G x G)/Lj. The map A is an embedding because 

G^diag n Lj = (PJ^)diag- 

(Recall that Gdiag denotes the diagonal subgroup of G x G.) 

Applying [3, Theorem 8.1], we see that each such orbit passes through the coset of 
{w2,wi) for some {wi,W2) G W^^^ x W and all such orbits are distinct. Because {w^, w^) e 
Lj, using (1.3) we obtain that 

{{w2,wi)Lj I wi e W^.^^, W2 e W} 

is a complete, irredundant set of representatives for all (S+ x S~)-orbits on (G x G)/Lj. 
Note that _ 

A-i {{B+ X B-){w2,wi)Lj) C B-xi^. 

Thus, A~^ ((-B+ X B~){w2,wi)Lj^ consists of all points tt~a;;[,^, with u~ e U~, for which 
there exist 6=*= G -B^, Uj*", e C/j , and / e Lj such that 

(1.11) U~Wi = b~wilu2 = b'^W2lu^. 

From the first equality we get that IU2 — Ad^^{{b~)~^u~) G Ad~^{B~). Since wi G W^^^^ 
we have Ad^i;^(uJ) G -B~, thus I G Lj f] Adyj^{B~). For arbitrary I G Lj nAdyj^{B~) and 
u~ G U~ there exist b~ G B~ and U2 G C/J" that satisfy the first equality in (1.11). Then 
the second equality in (1.11) implies 

A-i {{B+ X B-){w2,wi)Lj) = {U-^wir]B+W2{LjnAd-l{B-))U+) .P+. 
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From (1.2) one has Ad~l{B-) = (Lj n B+){UJ n Ad~l{B-)). Thus Lj n Ad~l{B-) = 
Lj n B+ and 

{{B+ X B-){w2,wr)Lj) = {U-^w^nB+W2B+) .P+ =U^^,^,.Pj . 

Due to Deodhar's theorem [6, CoroUary 1.2], U^j^^^^ is non-empty if and only if W2 >wi. 
On the other hand if W2 > wi then (S^^^^ irreducible and biregularly isomorphic to 
Uwi,w2 and Byj^^yj^ because of Lemma 1.4 and [3, Theorem 2.4]. □ 

1.6. Next we describe the relation between the Poisson structures on torus orbits of leaves 
in different flag varieties for a fixed reductive group G. For a subset J C F, denote by 

(1.12) pij : G/B+ ^ G/Pj 

the natural projection. The composition G G/B^ — ^/Pj^ coincides with recall 
(0.3). Since the surjective maps r] and ryj are Poisson, the projection /xj is Poisson as well. 

For all J C F and w e the sets B^x^ are complete Poisson subvarieties of 
{G/Pj,7rj). This follows from the facts that {G/Pj,7rj) is a quotient of (G, ttg) and 
5=*= are Poisson algebraic subgroups of (G, ttg). (The statement is also a simple corollary 
of Theorem 1.5.) 

Proposition. For every subset J C F and every w e W^max? projection fij restricts to 
an isomorphism of Poisson varieties 

In particular, for {wi,W2) G Q"^ this restricts to the Poisson isomorphism 
where for simplicity we set Syjj^^yj^ '. — . 

Proof. Lemma 1.4 guarantees that /ij is an isomorphism between the affine spaces B~Xw C 
G/B+ and B'xi C G/P/. It was shown above that B Xw and B complete 
Poisson subvarieties of {G/B^^n) and {G/Pj~,7:j)j respectively. The first statement now 
follows from the fact that //j is a Poisson mapping and the second one is a corollary of the 
first. □ 

1.7. Remark. One can establish first Proposition 1.6 and then deduce the general case of 
Theorem 1.5 from the case J — ^. The proof of Theorem 1.5 in this special case is easier 
than the general case. This gives a somewhat simpler proof of Theorem 1.5. 

Finally we describe the Zariski closures of the torus orbits of symplectic leaves S^^ 
of (G/P+,7rj). 



POISSON STRUCTURES ON FLAG VARIETIES 



9 



1.8. Theorem. For all (^1,^2) G , the Zariski closure of the H-orbit of symplectic 
leaves in {G/ Pj ,7rj) is equal to the union of S^^ .^^^ over those (^1,^2) £ for 

which there exists z e Wj such that wi <viz and W2 > V2Z. 

Note that in the special case of the generalized full flag variety G/B'^, Theorem 1.8 
reduces to the well known fact that for the Richardson varieties, 



The order relation between the nonnegative parts of S^_^^^^ in the sense of Lusztig [13] 
was also (independently) studied by Rietsch [19] and Williams [23]. 

Proof. By modifying Springer's Lemma 2.2 [20] or directly using [12, Corollary 3.6], one 
gets that for all (wi, W2) G W^^^ x W inside (G x G)/Lj: 



{B+ X B+).{W2, wi)Lj = [_\{{B+ X B+).{V2, vi)Lj \ {vi, V2) G W^,^ x W, 

3z e Wj such that wi > viz, W2 > V2z}. 

Acting on (1.13) by (e^Wo), and using that Ad^„^(i?+) = B~ and that for G W, we 
have w < V a and only if WoW > WoV, we see that for (wi, W2) G VFmin ^ ■> 



{B+ X B-).{w2,WoWi)Lj = \_\{{B+ X B-).{v2,WoVi)Lj \ {vi,V2) G W^^^ x W, 

3z e Wj such that WoWi < WoViZ, W2 > V2Z}. 

We deduce from the second correspondence between W^^^ and VF^ax (1-3) that for all 
{wi,W2) e W^ax X W, 



(1 14) B-).{w2,w,)Lj = \_\{{B+ X B-).{v2,v,)Lj \ {v^,V2) G W^, x W, 

3z e Wj such that wi < viz, W2 > V2z}. 

Now we apply [3, Lemma 2.6] for Y equal to the image of the embedding A from (1.1) 
and the stratification of {G x G)/Lj by (5+ x i?~)-orbits. Note that A{G/Pj~) intersects 
each (S+ X i?~)-orbit transversally since the diagonal of 5 © g and b+ © b- span © 5. It 
follows that 

(1.15) C1^(G/P+) (A(G/P+) n {{B+ X B-).{w2, w,)Lj)) 

= A{G/P+) n {B+xB-).{w2,wi)Lj. 
Recall from the proof of Theorem 1.5 that for (tui, ^2) £ W^mg^x ^ ^1 

A{G/P+){{B+ X B-).{w2,wi)Lj) 7^ if and only if wi < W2, 
in which case 

54,^^ = {iB+ X B-).{w2,w^)Lj) . 

The Lemma now follows from (1.14), (1.15), and the fact that A is an embedding. □ 

The Zariski closures of the if-orbits of symplectic leaves inside each Schubert cell in 
{G/Pj , TTj) have a particularly simple form. 
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1.9. Proposition. For each w e VF^ax following hold. 

(i) The H-orbits of symplectic leaves in the Schubert cell {B~x^ C G/Pj", ttjIb-j-j ) are 
parametrized by W-^ = {w2 & W \ W2 > w} by 

(ii) For each W2 G W-^, the Zariski closure of S^^^^ inside the Schubert cell B~x^ 
consists of all S^^^^ for V2 E W such that w <V2 <W2- 

This proposition generalizes Theorems 3.9 and 3.13 from [3]. 

Proof. The first part follows from 

Si,^2 = U^,n,2.Pj C iU-w).P+ = B-xi 

and the fact that the Schubert cells for w e W^^^^ partition G/Pj . 

It is easy to deduce the second part from Theorem 1.8 but we offer a direct proof which 
better explains the result. 

In terms of the isomorphism : B~x^ — > B~x^ (cf. §1.6), S^ ,^^ is given by 

S'ij,W2 ^ (1^j\b~x^) {B X-w B~^Xw2)- 

Applying [3, Lemma 2.6] for the partition X = G/B~^ = Uwievy -^^^^i ^tnd Y = B~x^, 
and using the standard formulas for closures of Schubert cells, leads to 

ClB-xjB-x^DB+Xy,^) = \_\ (B-x^DB+Xy^). 
The second part of the Proposition follows from this, applying once again the isomorphism 

2. Weak splittings of surjective Poisson submersions 

2.1. First we recall the definition of a Poisson-Dirac submanifold of a Poisson manifold, 
given by Crainic and Fernandes in [5, Section 9]. 

Definition. Assume that (M, 11) is a smooth {real or complex) Poisson manifold. A 
submanifold X of M is called a Poisson-Dirac submanifold if the following two conditions 

are satisfied: 

(i) For each symplectic leaf S of {M, U), the intersection SCiX is clean {i.e., it is smooth 
and Tjc{S fl X) — T^S fl T^X for all x E S H X) and S H X is a symplectic submanifold of 

(s, (n|s)-i). 

(ii) The family of symplectic structures (n.\s) ^\snx is induced by a smooth Poisson 
structure tt on X . 

Here and below, for a nondegenerate Poisson structure ttq we denote by (ttq)""^ the 
corresponding symplectic form. 

In the setting of the above Definition, the symplectic leaves of {X, rr) are exactly the 
connected components of the intersections of the symplectic leaves of (M, II) with X . 
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2.2. The following simple criterion was proved in [5]. 

Proposition. Assume that (M, 11) is a Poisson manifold and that X is a submanifold for 
which there exists a subbundle E ofTxM such that 

(i) TxM = TX®E and 

(ii) the restriction of the Poisson tensor H to X splits as 

n|x = 71 + TTe 

for some smooth bivector fields it G T{X, A^TX) and tie G '^{X, A^E). 

Then X is a Poisson-Dirac submanifold of (M, H) and the induced Poisson structure 
on it coincides with it. 

Crainic and Fernandes call submanifolds satisfying the conditions of Proposition 2.2 
Poisson-Dirac submanifolds admitting a Dirac projection. Earlier, Xu [26] investigated 
such submanifolds with an extra property, namely that E^ is a Lie subalgebroid of T*M, 
equipped with the standard cotangent bundle algebroid structure, recall (0.9). 

2.3. Definition. Assume that (M, 11) and {N, n) are Poisson manifolds and that p : 
(M, n) — > (AT, 7r) is a surjective Poisson submersion. A weak splitting of p is a partition 

(2.1) AT = y iV, 

of {N, n) into complete Poisson submanifolds such that for each a E A, there exists a 
smooth lifting i^ : A^q M (o/p|p-i(Ar„) : P~^{Na:) A^a) with the properties: 

(i) ia{Na,) is a Poisson-Dirac submanifold o/ (M, H) and 

(ii) the induced Poisson structure on iaiNa) is ia*{'^\Nc,)- 

Note that i^ is not required to be a Poisson map. An important special case is illustrated 
in algebraic terms in Proposition 2.6. 

2.4. Remark. // a surjective Poisson submersion p : (M, II) — > {N, n) admits a weak 
splitting as in Definition 2.3, then the symplectic foliation of (N, tt) is easily described in 

terms of the symplectic foliation of {M, II) . Namely, each symplectic leaf of {N, n) lies 
entirely in one of the submanifolds A^q, and is of the type i^^iS fl ^a(A'a))° where S is a 
symplectic leaf of M and {S r\ia{Na))° is a connected component of {S □^^(A'q,)). 

2.5. The following Proposition provides a sufficient condition for the condition (ii) in 
Definition 2.3 which is easier to check. 

Proposition. Assume that p : (M, II) {N, it) is a surjective Poisson submersion. Let 

be a partition of {N, tt) into complete Poisson submanifolds such that for each a E A, 
there exists a smooth lifting : M (o/p|p-i(jv„) • P~^{^a) ~^ ^a) whose image is 
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a Poisson-Dirac submanifold admitting a Dime projection with respeet to a subbundle Eq, 
of Ti^(^N^^M , cf. Proposition 2.2. If the are tangent to the fibers of p {i.e., E^ contain 
the tangent spaces to the fibers of p), then the condition (ii) in Definition 2.3 is satisfied 
and the families {Nq^u^a, {ia}a€A provide a weak splitting of p. 

Proof. For m e ia{Na) denote the fiber of p through m by = p~^{p{m)). Since 
p : (M, n) — > (A?", tt) is Poisson and i^ is a hfting of p|p-i(iv„) '• P~^{Na) — we have 

(2.2) Trr,M = Tra{ia{Ne:))® 

and 

(2.3) - w(7r|ivjm e T^F^AT^M. 

On the other hand, the fact that ia{Na) C M satisfies the conditions of Proposition 2.2 
imphes 

(2 A) n|i„(iv„) = 7r„ + 7rs„, 

for some tt^ e r(ie.(iV«), A2T(i«(iV«))), tte^ G r(i«(iV«), A^^;^). 



Putting together (2.2)~(2.4) and TmFm C Ea{m) gives tTq = ■ja*(7r|Ar„) which is exactly 
the condition (ii) in Definition 2.4 (taking into account Proposition 2.2). □ 

2.6. If p : (M, n) (iV,7r) is a Poisson map, then the pull back p* : {C°^{N), {., .}^) 
(C°°(M), {., .}n) is a homomorphism of Poisson algebras and turns C°°{M) into a module 
for the Poisson algebra {C°°{N), {., The following Proposition provides an algebraic 
characterization of an important special case of weak splittings of surjective Poisson sub- 
mersions. Its proof is simple and will be left to the reader. 

Proposition. Assume that p : (M, II) — > (N, tt) is a surjective Poisson submersion and 

i : N ^ M a smooth lifting of p. Denote by Tp the subbundle of TM whose fibers are 
the tangent spaces to the fibers of p. Then the trivial partition of N with one stratum and 
the map i : N M provide a weak splitting of p such that n|j(7v) G /\^Ti{N) © A^Tp|j(7v) 
if and only if i* : {C^{M), {., .}n) ^ (C°°(iV), {., .}^) is a morphism of {C°°{N), {., .}^) 
modules. 

2.7. All weak splittings of surjective Poisson submersions considered in this paper will 
be in the category of (complex) quasiprojective Poisson varieties. This means that in 
the setting of Definition 2.1, we require X to be a (smooth) locally closed subvariety of 
the smooth quasiprojective Poisson variety M. In Proposition 2.2, we require E to be an 
algebraic subbundle of TxM. Finally, in the algebraic setting, in Definition 2.3 we require 
(2.1) to be an algebrogeometric stratification of M (in the sense of [3, §0.8]) and the maps 
ioi to be algebraic. 
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3. Weak splittings of surjective Poisson submersions for flag varieties 

3.1. Since the Poisson structure ttq vanishes on the maximal torus H of G, the left and 
right regular actions of H on G preserve it, and thus ttg descends to a Poisson structure 
on G/H. One can see this in another way: H is a Poisson algebraic subgroup of (G, ttg), 
thus TTG descends to a Poisson structure on the homogeneous space G/H because of [3, 
Theorem 1.8]. Denote the standard projection by 

(3.1) r:G^G/H, and set ttq/h = t*{t^g)- 
It is clear that the projections 

(3.2) vj : {GIB.i^gih) ^ (G'/P/,7rj), vj{gH) = gPj 

are surjective Poisson submersions. For brevity, set v = Vfjj. Finally, for e VT, set 

(3.3) y^=wH e G/H. 

The following Theorem contains the main result in this Section. Based on it, a second 
proof of Theorem 1.5 is given in §3.9. 

3.2. Theorem. Assume that G is an arbitrary complex reductive algebraic group and J 
is a subset of the set of positive simple roots F. The partition into Schubert cells 



G/Pj= U ^"^^ 



max 



and the morphisms 

(3.4) i^^ : B~xi G/H, given by ii{u~xi) foru~ e U~ , 

provide a weak splitting, in the sense of Definition 2.3, of the surjective Poisson submersion 
uj : {G/H^-kg/h) iG/Pj-,nj) {recall (0.5), (0.7), and (3.1)-(3.3)). 

The proof of Theorem 3.2 will be split into several Lemmas. 

3.3. We will use the identification of vector spaces 

(3.5) TeG e T*G = 000*^ Dio) ^ g = TgC nG. 

coming from the embeddings of g and g* in the double D{q) = g © g of the Lie bialgebra 
g, cf. §1.2. This induces the identifications 

(3.6) TgG®T*G^Rg{g®g*)^Rg{g®g) = TgG®TgG, fovgeG. 

Here and below, Lg and Rg refer to the left and right translations a ^ ga and a h- > ag, 
for a & G. For simplicity of the notation, we denote in the same way the induced tangent 
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maps T(j — > Tga and T^g. In the identifications (3.6), the tangent and cotangent 

spaces at g correspond respectively to: 



(3.7) 



TgG = i?g(0diag), 

T*G = RgiLieF) = Rg{{h + n+ , -h + n,-) \ h e i), E n+}, 



recall the notation in §1.2. The pairing between them is given by (1.5). 

The main reason for using the identifications (3.6) is that the graph of tt^ ^ : T*G TgG 
(cf. (0.8)) under those identifications corresponds to the Drinfeld Lagrangian subalgebra 
[7] Ig of D{g) for the base point g of (G, ttg), considered as a homogeneous space over itself. 
Since ttq vanishes at e, one has [g = LieF. Moreover, because the map g [g C D{q) is 
G-equivariant with respect to the adjoint action of G on D{g) = q(B Q (see [7]), one has 

Ig = Ad3(LieF) = Adg {{(h + n'^,-h + n~) | /i e f), e n+}) . 

Taking into account Rg o Adg = Lg, this leads us to the following result. 

3.4. Lemma. In the identification (3.6), the graph of ttq ^ : T* TgG, cf. (0.8), corre- 
sponds to the subspace 

RgiAdgF) -Lg(LieF) ^ Lg {{{h + n+ , -h + n') | /i G (), n± G n+}) C TgG® TgG. 

We will further need the following well known result. 

3.5. Lemma. If Vi and V2 are subspaces of a finite dimensional vector space V and 
7T e A^V, then 

7r*(Vf ) CV2 ^ TT e aVi + AV2. 

Sketch of the proof. The standard nondegenerate pairing between V ® V and V* © V* 

restricts to a nondegenerate pairing between a'^V and A^V* . Then Tr^{Vl^) C V2 if and 
only if TT G (Vi A ^2)'^. One easily checks that for all subspaces Vi and V2 of V, one has 
(If A 1^2)° = A^Vi + A^V2. □ 

3.6. For all w G VF, define the following algebraic subbundles and of T^j^-^G 
and Tjj-^, G/H, respectively: 

E^ibw) = Lb^{b+) + Rbn,{^+ n Ad„(n-)) C n^{G), for b G HU', 

(3.8) X 

recall (3.4). It is easy to see that the push- forward in (3.8) does not depend on the choice 
of preimage. For a subvariety N G G such that N — t~^t{N), denote by T{t\n) the 
bundle over N whose fibers are the tangent spaces to the fibers of t\n'- 

(3.9) T{T\N){g) = Lgii))cTgG, geN. 

The fact that the Ey, are algebraic bundles follows from E^ D ^(''"1 all G 
and b G HIJ- , one has E^ibw) D Lbw{b+) D Lbw{i)) = T{T\^jj-^){bw). 
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Proposition. For every w e W , the following hold: 

(1) T{HU-w) + E^=T^^^^G, 
T{HU-w)nE^ = T{r\^^-J,^ 

^g\hu-w ^ ^^T{HU-w) + K^E^, and 

(2) T{U-y^)®E^ = T^-^^G, 
T^G/H\u-y^ e A^T{U-y^) e A^E^, 

recall (0.4), (3.3), (3.4), (3.8), and (3.9). 

Proof. Part (2) follows from part (1). The following inclusions imply the first statement 
in part (1): 

Tbyj{HU-w) + E^(uw) D i?6«,(b" n Ad„(b-) +n+ n Ad„(n-)) +L6«,(b+) 

= LbUb- + b+) = TbUG), 

where w e W and b e U~ . We used that b e HU~ C Adw{B~) and thus Ad6TO(b~) = 
Ad^(b-). 

It is clear that 

(3.10) TiHU-w)nE^DTiT\^^-J 

because HU~w = U~wH. Next we show the opposite inclusion. Fix b e HU~. If a; G 
and Rbw{x) G Tbw{,HU~w) fl E^, then x = xi = Kdbw{y) + for some y G b"*" and 
xi G b~ n Ad«,(b~), and X2 G n+ Pi Adu,(n~). So 

Ad6„(y) = xi-X2eb- n Ad„(b") + n+ n Ad„(n-) = Ad^(b-) = Ad6«,(b-). 

Taking into account Kdbw{y) G ^dbwib'^), one obtains y & h and X2 = 0, and consequently 
x G [). This proves the opposite inclusion to (3.10) and completes the proof of the second 
statement in (1). 

In the rest of this proof we show the third property in part (1). Under the identification 
(3.6), the tangent space Tbw{HU~w) corresponds to Rbw ((b~ H Adu,(b~))diag) for all b G 
HU~ . Recall that the images of the tangent and the cotangent spaces to G in (3.6) 
are given by (3.7) and the pairing between them is given by (1.5), see §3.3. By a direct 
computation, one checks that under the identification (3.6), {Tbw{HU~w))^ corresponds to 
-R6w((n"''nAdu,(n~))©n~), see (0.8)-(0.9). (Here and below, for two subalgebras fi, f2 C g, 
by fl © f2 we denote the canonical direct sum subalgebra of g © g and not the possible 
direct sum inside g.) Recall that the graph of tt^ : T^^G TbwG is given by Lemma 3.4. 
If Rbw{x) G ttq [{Tbw{HU~w))^), then there exist n"*" G n"*" n Adu;(n~) and n~ G n~ such 
that 

{x + n'^,x + n~) G Ad(,u,(LieF) c Adb^(b+ © b"). 
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Comparing the first components gives x e Ad5^^,(b"'") + n"'' fl Adiu(n ), and consequently 

ttJj {{n^{HU-w)f) c Rur, (Ad6„(b+) +n+ n Ad„(n-)) 

= L6„(b+) + i?6«;(n+ n Ad„(n")) = E^{hw). 

Now the third statement in part (i) follows from Lemma 3.5. □ 

3.7. Proof of Theorem 3.2. First we prove the Theorem in the case J = 0. For all 
w e W ^ the tangent spaces to the fibers of i^g inside U~yw are 'r]^{Li,y^{b^)) for h G HU~ , 
and they are contained in Ew Proposition 2.5 and part (2) of Proposition 3.6 imply that 

(3.11) ^G/H\u-y^ - tMB-.J e A^^;^, for aU w e W, 

which establishes the Theorem in the case J = 0. 

For the general case, in addition to Proposition 3.6 (ii), we need to prove that 

(3.12) ^G/H\u-y^ - iL{^j\B-xi) e A^^;^, for aU J c r, e w-^. 

Because i(, = o {ij,j\b-xJ~^ and 

^^j\b-x^ ■ {B~x^,7r\B-xJ {B~xi,7:j\B-xi) 
is a Poisson isomorphism for all w e W"^ (recall (1.12) and Proposition 1.6), we get that 

(3.13) iL{^j\B-xi) = ilMB-xJ, foraU«;eW^^. 

Equations (3.11) and (3.13) imply (3.12), and this completes the proof of the Theorem. □ 

3.8. Lemma. The H -orbits of symplectic leaves of {G/H,ttc/h) o-f^ exactly the projec- 
tions r{B~w\B~ n B'^W2B'^) of the double Bruhat cells of G onto G/H, forwi,W2 G W. 

Sketch of the proof. The proof of the Lemma is analogous to the well known fact that the 
ff-orbits of symplectic leaves of (G, ttg) are the double Bruhat cells of G. The Drinfeld 

Lagrangian subalgebra of the base point eH of G/H is Lie(i!fdiag(t^^ x U~)), see [3, 
Theorem 1.8]. The iif-orbits of symplectic leaves of {G/H, ttg/h) are the inverse images of 
the (S+ X i?~)-orbits on {G x G) / Hdia.g{U~^ x U~) under the map 

(3.14) G/H ^{Gx G)/H^i,^{U+ x U'), gH ^ {g, g)H^i,^{U+ x U'). 

By the Bruhat Lemma, the {B~^ x )-orbits on (GxG)/ i^diag (f^^ X U~ ) are parametrized 
by W xW via 

WxW3 {wuW2) ^ {B+ X B-){w2,w^)H^i^^{U+ x C/"). 

Finally, the inverse images of the above orbits under (3.14) are exactly the projections 
t{B-wiB- nB+W2B+). □ 
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3.9. A second proof of Theorem 1.8. For w E W"^ and wi,W2 G W, the intersection 
of t{B~w\B~ n B'^W2B'^) with = U~yxa is nonempty only ii wi = w and 

W2 > w, because it hes inside t{B~w fl B~wiB~) (thus wi = w) and consequently inside 
B~wB^ n B^W2B~^ (thus W2 > w hj [6, Corollary 1.2]). If wi = w and > then the 
intersection of t{B~wiB~ n -B+W2-S+) with the image of i;^ is t(C/u,^u;2); cf. (0.6), and is 
a nonempty irreducible subvariety of G/i? by [3, Theorem 2.3]. Theorem 3.2, Lemma 3.8, 
and the argument of the proof of [3, Theorem 1.8] imply that for each W2 E W with W2 >w, 
the set t{JAw,w2) is a (single) if-orbit of symplectic leaves of (^^(-^~^w); ^w*(''''j|-B-a;^))- 
Thus, the i^-orbits of symplectic leaves of (S~a;;^, ttjI^-^^j ) are 

{"^iy^ ° t{^w,W2) = ^w,W2-Pj = ^i,W2^ ^2 eW, W2> W. 

This completes the second proof of the Theorem. □ 

Let us note that although in the second proof of Theorem 1.8 we still used the theory of 
Poisson homogeneous spaces in Lemma 3.8, we avoided the combinatorics arguments from 
the first proof. The latter were replaced by the geometric construction of weak splittings 
of Poisson submersions. In addition, in a subsequent publication we will demonstrate that 
those geometric arguments can be extended to the quantum situation, while we are not 
aware of any quantum version of the dressing orbit method that provides a classification 
of iJ- invariant prime ideals of some class of associative algebras. 

4. HERMITIAN SYMMETRIC SPACES OF COMPACT TYPE. 

4.1. In this Section wc investigate the Poisson structure ttj on G/Pj' for the case when the 
unipotent radical U]' of Pj~ is abelian and G is a simple algebraic group. The flag varieties 
G/P~^ of this type exhaust all irreducible Hcrmitian symmetric spaces of compact type, 
[24]. We show that in this case all Lj-orbits on G/Pj are complete Poisson subvarieties 
with respect to the Poisson structure ttj. We then use the results of Richardson, Rohrle, 
and Steinberg [18] on special representatives for the Lj-orbits on G/Pf . We prove that 
the Poisson structure ttj vanishes at all such special base points, and as a result of this 
{G/Pj , Tvj) stratifles into complete Poisson subvarieties each of which is a quotient of Lj, 
equipped with the standard Poisson structure. 
First, set 

(4.1) rj = eaAfa and ttlj = L{rj) - R{rj), 

a€A+ 

cf. (0.1) and (0.2). These are respectively the standard r-matrix and the standard Poisson 
structure on the reductive group Lj. It is well known that (Lj, ttj) is a Poisson algebraic 
subgroup of (G, ttg). Set also 

(4.2) fj= Yl ('c.^fa. 

a€A+\A+ 

Observe that Vg = rj + fj. 
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4.2. Proposition. Assume that J (Z T is such that Uj is abelian. Then the following 
properties hold. 

(i) The Poisson structure ttj on G/Pj is given by 

(4.3) TTJ = -x(rj). 

In particular, all Lj-orbits on the flag variety G/Pj are complete Poisson subvarieties of 

(G/Pj^TTj). 

^ _1_ _1_ _1_ 

(ii) Under the identification \E'j : Uj ^ B~.Pj C G/Pj, \E'j(a;) = ex.p{x)Pj , of 
Lj-spaces (where Lj acts on the first term by the adjoint action), the restriction of the 
Poisson structure ttj to B~ .Pj corresponds to —x{i^j) ^ r(nj, A^Tuj). Here x '■ A^[j — > 
r(nj, A^TUj) is derived from the adjoint action of Lj on tij. 

Proof, (i) For all u e UJ , 

Lu{fj) - Ru{fj) = Ru [Mu fj - fj) = 

because UJ is abelian and fjEn'^A xXj. Thus, Trdu) = X^i^j) ~ X^i^j) for ^ UJ. 
Since r7j*X'^(rj) = 0, we have ttj = — x(rj) on the open i?~-orbit on G/Pj. But both 
bivector fields in (4.3) are algebraic, so they coincide. 

The second statement in (i) directly follows from (4.3). It is also a consequence of 
Theorem 1.1(b) in [18], stating that each Lj-orbit on G/Pj~ is the intersection of a P+- 
orbit and a PJ-orbit. (The latter are complete Poisson subvarieties of {G/Pj,7rj) as was 
shown in §1.6.) 

Part (ii) follows from part (i) by noting that .Pj — UJ.Pj is Lj stable and \E'j 
intertwines the actions of Lj on rij and B~.Pj'. □ 

4.3. The Lj-orbits on were classified by Richardson, Rohrle, and Steinberg [18], 
and previously the Lj orbits on the unipotent radical UJ = B~ .Pj C G/Pj were treated 
by Wolf [25] and MuUer, Rubenthaller, and Schiffmann [14]. We recall the parametrization 
of the Lj-orbits on G/Pj from [18, Theorem 1.2]. Fix a maximal sequence (/?i, . . . , /3f~) of 
long roots in A+yA j which are mutually orthogonal. Denote by U-f3^ a nontrivial element 
in the one-parameter unipotent subgroup of G corresponding to the root Denote by 
Wf3^ e W the refiection corresponding to 

Note that {w|3^}^^■^ mutually commute because {/?i}i=i mutually orthogonal. (The 
elements also mutually commute because UJ is abelian.) Let W/j. be a repre- 

sentative of wp^ in the normalizer of the maximal torus H of G. Finally, set 

t s 

Xst = Y\.'^Pi n fo^ <t < s < k. 

i=l j=t+l 

Theorem. (Richardson-Rohrle-Steinberg [18]) // the parabolic subgroup Pj of G has 
abelian unipotent radical, then {xstPj \ 0<t<s<k}isa system of representatives for 
the L J -orbits on G/Pj . 
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4.4. Let us recall that Pj has an abelian unipotent radical only if it is a maximal parabolic 
subgroup of G. In addition, if J = r\{ a'}, then Pj' has abelian unipotent radical if and 
only the a' height of the longest root ^ of g is equal to 1. (We fix this root a' for the 
remainder of this Section.) If this condition is satisfied, then the a'-height of any root 
7 G A is equal to 0, ±1. Moreover Ha'i'j) = 1, 0, or —1, if 7 is a root of rij, Ij, or nj, 
respectively (i.e., 7 G A+\A+, Aj, or -(A+\A+)). 

4.5. We will work with a special maximal set (/?i, . . . , (3k) of mutually orthogonal long 
roots in A+\Aj. We proceed analogously to the proof of [18, Proposition 2.8], defining 
inductively /3i and subsets Fj of the set F of positive simple roots of Q. Let Pi = 6 he the 
highest root of g and Fi = F. Assume that for some i < k, we have already defined Pi and 
Fj. Let Fi_|_i be the set of all roots in F^ that are orthogonal to (3i. (Since /3j is dominant 
in the root system defined by F^, all roots in it that are orthogonal to f3i are combinations 
of simple roots in F^+i.) If A; > 1, then Fj_|_i contains a'. Denote by Fj_|_i the connected 
component of Fi_|_i containing a' . (Here we identify F with the Dynkin graph of Q and 
view Fi_|_i as a subgraph of it.) Finally, set /Jj+i to be the highest root of the root system 
defined by Fj+i. 

This sequence has the properties that 

(4.4) supp Pj C supp Pi = Fj for j >i 

(cf. §0.7) and that Pi is the longest root in the root system defined by Fj. 
For simplicity of the exposition, we set 

(4.5) w-^, = exp(/;3.), 

but we note that all proofs work for general U-p^. 

We will also use special representatives for the refiections G 11^ in the normalizer of 
the maximal torus H of G (and will thus omit the dot on top of them). Set 

(4.6) wp. = exp(e;3.) exp(-/;3.) exp(e^,). 

This normalization is not necessary for the proof of the main result in Theorem 4.6, but 
it simplifies the exposition. Since Pi and Pj are orthogonal for i ^ j and Pi + Pj is not a 
root of Q, we have that Wj3^{Pj) = and [//j. , fp^] — 0, and consequently 

[e/3i , //9,- ] = 0, Ad^^^ (/ft ) = /ft , 

Ad^^. {u-p. ) = u-p. , Ad^^. {ep. ) = ep. 

for the special representatives (4.6) of wp.. 

The first main result in this sections is contained in the following Theorem. 
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4.6. Theorem. If Pj is a parabolic subgroup with abelian unipotent radical in the complex 
simple algebraic group G, then the Poisson structure ttj vanishes at the base points XstPj 
of the Lj-orbits on G/Pj {0 <t < s < k). Therefore, all Lj-orbits on G/Pj are complete 
Poisson subvarieties of {G/Pj^ ,7rj) and are quotients of {LjjTTLj), cf. [3, Theorem 1.8]. 

Even in the case of Grassmannians, Theorem 4.6 contains new information, compared 
to Part I [3], where we dealt with the open i?~-orbits on Grassmannians. 

Let us note that Theorem 4.6 is not vahd for an arbitrary maximal set (/9i, . . . , (3k) of 
mutually orthogonal long roots of A+\A j^. For instance, in the case of A4 and a' = ea — £2, 
take Pi = €s — ei and = ^4 — ^2- Then ttj does not vanish at U-p^U-p^Pj . The easiest 
way to see this is to note that the Poisson structure 772,2 on the matrix affine Poisson space 

-^2,2 (cf. [3, eq. (1.7)]) does not vanish at ^ q and then to use the embedding from [3, 

Proposition 3.4]. 

For the proof of Theorem 4.6, we will need several Lemmas. 

4.7. Lemma. Assume that P is a long root in A'^\Aj and set 

W(3 = exp(e;3) exp(-/^) exp(e/3). 

Let a be any root of Q and Va ^ 9 d nontrivial vector in the corresponding root space. If 
[f/3, Ha] 7^ 0; then wp{a) — a — P and 

[f/3,ya] = -Adw^{ya). 

Proof. Firstly, there is no root 7 of g such that 7 — /3 and 7 — 2/3 are roots as well. 
For if this happens, then the a' height of 7 needs to be equal to 1, i.e., 7 G A+\Aj, 
because the a' heights of all roots of g are or ±1. Consequently, 7 + would not be 
a root and (7,/3^) > 2. This would be a contradiction, since \{'y,P^)\ < 1 because P 
is a long root. From this we get that the only roots of g of the form a + ip for z e Z 
are a and a — P, thus Wf3{a) = a — P, ade^(a:a) = 0, and adj^(xa) = 0. Consequently, 
Spanj^Q,, [ffB^Va]}, under the adjoint action, is isomorphic to the vector representation of 
the sl2 triple {e^, = [e^, /^], /^}. By a standard computation, in this basis wp acts by 

?1 J , so Adyj^{ya) = -[//3,2/a]- □ 

4.8. Lemma. If a E A j is such that 

[fpi ,ea]^0 and [fp. , /«] 7^ 
for some i ^ 3 <k, then Pi — a — Pj e Aj and 

(4-7) [fp^ , ea\ A [fp. , foe] + [f(3i , e/3i -a-/3,- ] A [fp. , f p^ -^-(3. ] = 0. 

Proof. It follows from Lemma 4.7 that 



W|3^{a) = a — Pi and wp. {—a) = —a — Pj. 
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Since f3i and (3j are orthogonal, Wi3.{(3i) = and 

wp.wi3^ (a) = wp. {a- Pi) = a + (3j - Pi. 

Therefore (3i — a — [3j is a root of g. Because a — /3j is a root of a' height equal to — 1, 
it belongs to — (A+\Aj). As a consequence of this, suppo; C supp/Sj = Fj, recall §4.5. 
If z < J, then suppo! C C Fj, and the fact that a + j3j is a root would contradict the 
property that f3j is the highest root of the root system of Fj, cf. §4.5. Thus, i > j and 
a + f3j is a positive root in the root system of Fj. Since (5i is the highest root in this root 
system, Pi — a — Pj needs to be a positive root. 

Because Ad^^^u,^. preserves the bilinear form (., .) on g, 

(4.8) Adyj^,w^,{ea) = afp^-a-(3j and Ad«;^^.i„^. (/«) = a~-^e/3._a-^,- 

for some a G C^. Equation (4.6) implies that Ad^^^,^ (/^.) = —e|3^. Combining the above 
facts and using that Ad^,^. (e^j.) = e^. (cf. §4.5) leads to 

Thus, [ep^, fp^-a-pj] 7^ 0, and consequently [fp^,ep^-a-pj] 7^ 0. Applying twice Lemma 
4.7 and (4.8), we get that 

[fl3i,epi-a-)3j] = ~ ^dwa^iep^-oi-pj) -a Ad^2^ ^/a) 
= a Adyj^, (fa) = -a[fpj , fa] ■ 

In the third equality, we used that Ad^^^. (/q) is the lowest weight vector for the vector 
representation of the 5I2 triple {ep^,Pi — [epi, fpi], fp^} (under the adjoint action) and in 
this representation Wp. acts by — id, recall (4.6). Analogously, 

[ff3j,fl3i-a-l3j] = - ^^wnifpi-a-pj) = "^"^ Ad (Cq) 

= Adu,^. (ca) = -a~^ [fp^ , e^] . 

Hence, 

[f(3i,epi-a-f3j] A [fpj,fp,-a-f3j] = (-o[//3,- , /a] ) A (-a"M/ft,ea]) 

4.9. Lemma. For all < t < s < k, 

s 

^^u\^,...u.,Srj)^rj- J2 ([//3,-e«] A/« + e« A[/^,,/«]). 
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Proof. For arbitrary < i < k and < j < k and a e Aj, the sum a + Pi + (3j is not a 
root of Q since its a' height is —2. Taking into account that U-p. = exp{fp.), we get 

XI ~ ifpt+i , ea] - • • • - [fp, , ea]) A (/a - [ff3^^^ , /a] - ... - , /a]) . 

aGA+ 

The Lemma will follow if we show that for all s < i, j < k, 

E [/^.,e«]A[/^.,/J = 0. 

aeA+ 

This is a corollary of Lemma 4.8, which implies that all a G Aj for which [/^., Ca] ^ 
and [//3^. , /a] 7^ can be grouped in pairs such the sum of the corresponding expressions 
[ff3i , Ca] A [ff3. , fa] wiU be equal to 0. □ 

In the setting of §4.3, for each < t < A; set 

t 

(4.9) wt = l[wi. 

The same notation will be used for the representative of wt in the normalizer of iif in G 
which is the product of the representatives (4.6). 

4.10. Proof of Theorem 4.6. We will prove that 

(4.10) Ad-^^([/^,,e«])A/«) ep+ Afl, forae A+, 0<t<j<k. 
Analogously, one shows that 

(4.11) Ad-^^(e,A[/^.,/«]) ep+A0, forae A+, < t < j < k. 
It is clear that 

(4.12) Ad;;;^^ (e^ A /a) e n" A n+, for a e A+, < t < /c. 

Lemma 4.9, (4.10)-(4.12), and the commutativity of wt and U-j3^j^^ . . . U-p^ (cf. §4.5) imply 
that 

Ada;^, (rj) e pj^ A 0, for < t < s < /c, 

which is equivalent to the vanishing of ttj at XstPj~- 

Thus, we are left with showing (4.10). We will make use of the following fact [18, 
Lemma 2.10 (b)]: 

(*) For 7 e — (A+\Aj), the set of all Pi, < i < t, not orthogonal to 7 has cardinality 
0, 1, or 2, and accordingly Wtipi) G — (A+\Aj), Aj, or A+\Aj. 
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If w^^{-a) ^ -(A+\A^), then Ad~^^(/c,) G pj and we are done. If Wt{a)~'^ e 
— (A+\Aj), then applying (*) for 7 = w^^{—a) one gets that there exists < i < t 
such that {—a) = W|3^{—a) = —a — This means that {13^, a) = —1, and con- 
sequently {P^,a- Pj) = -1 = since j > t > i). If [fp^^e^] = 0, then 
we are done. If [//s^- ,60,] 7^ 0, then using (*) again, this time for 7 = a — (3j, we get 
w^^ia- Pj) ^ -(A+\A+); therefore Ad~l[fi3.,ea]) G p^. This establishes (4.10) and 
thus the Theorem. □ 

4.11. In the last part of this Section (§4.11-4.13), for a parabolic subgroup Pj~ with 
abelian unipotent radical, we characterize the symplectic leaves of (G, ttj ) within each 
L j-orbit. First we recall some facts on minimal length representatives in Weyl groups. For 
two subset / and J of the set of positive simple roots F of G denote by ^VFmin and ^VF^in 
the set of (unique) minimal length representatives of the cosets in iy/\iy and Wi\W/Wj. 
Recall the following standard facts, see e.g. [4, Lemma 4.3]. 

Lemma. For arbitrary I, J G T the following hold. 

(i) Every element of W^^^ can be uniquely represented as a product vw for some w e 

^W-^- and V eWiH W^^'"'''^^ . 

(ii) Every element of W can be uniquely represented as a product V1WV2 for some w e 
'Wl,^, V2 e Wj and Vie Win W^'^^^-'l 

4.12. We will need the following results from [18], recall (4.9). 

Theorem. (Richardson-Rohrle-Steinberg) If Pj C G has abelian unipotent radical, then 
the following hold. 

(i) For any given Pj -orbit and any given PJ -orbit on G/Pj , the two orbits are either 
disjoint or else intersect in a single Lj -orbit. 

(ii) The set {ws}s^q coincides with '^W^^^ and thus G/Pj = \_\o<:s<k •'^sPj = 

Uo<s<kPy-^sPj-. 

(iii) For all <t < s < k, we have 

Lj.XstP^ = PJ.WtP^ n Pj.WsPj, 

cf. (4.9). 

Part (i) is [18, Theorem 1.1 (b)], part (ii) is [18, Proposition 2.11], and part (iii) is [18, 
Lemma 3.5 (d)]. We will illustrate the inclusion 

Lj.XstPj C Pj.WtP^ n Pj.WsPj. 
Since wp^ and U-p. commute for i ^ j (cf. §4.5), 

s t 

Lj.XstPj = Lj II u.p^.l[wiP+ cPjwtPj^. 

j=t+l i=l 
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Because [e^j. , /^^.] = for i ^ j and w 



2 

Pi 



+ 
J 



Lj.XstPj = Lj JJexp(e/3,) I exp(-e/3,) exp(/;3,) exp(-e/3,) J J]^ W/j.P 

i=l \i=l / j=t+l 

The second main result of this section is contained in the following Theorem. 

4.13. Theorem. Assume that Pj*" is a parabolic subgroup of G with abelian unipotent 
radical. For allO < s <t < k, the H -orbits of symplectic leaves of {Lj.XgtPj jT^jIj^^^ ^ ^p+) 

(4.13) ^3 e Wj, v,eWjn wiZ^*^'\ v^eWjn W^Z^^^'^ 

such that viWtw^ < V2WsVz. 

As an example, let us note that the Lj-orbits inside the open 5--orbit on G/Pj are 
the orbits Lj.xqsPji iov < s < k. Theorem 4.13 implies that the symplectic leaves of 

.xosPf^ ^{w^ ,v2WtV3) some ^3 G Wj and V2 G Wj H W^min such 
that < V2WsVs. 

Proof. Because U^^^yj^ C B~wi n B'^W2B'^, recall (0.6), we have 

It follows from Lemma 4.11, Theorem 4.12 (ii), and (1.3) that every element of fl"^ can be 
uniquely represented in the form {viWtW^ , V2WsVs) for some < s,t < k and v^, vi, V2 as 
in (4.13) such that viWtW^ < V2WsV2. For such a pair, we have 

Siv,^a,^.i,V2W.vs) ^ PJ -VlW^wiPj H Pj .V2WsV^Pj = Pj.W^Pj H PJ .W^Pj . 

Theorem 4.12 implies that the last intersection is nontrivial only if t < s, in which case it 
is equal to Lj.xtsPj- This completes the proof of the Theorem. □ 

5. The open S~-orbits in compact Hermitian symmetric spaces 

In this section, we treat in detail the restriction of the Poisson structure ttj to the open 
-orbit of G/Pj in the case when G is a complex simple group and PJ*" is a parabolic 
subgroup with abelian unipotent radical. First, in §5.1, we obtain general formulas for 
ttj\q- p+. Then, in §5.3-5.6, we use it to derive explicit formulas for all classical groups 
and show that all such Poisson structures are quasiclassical limits of interesting classes of 
quadratic algebras, of the type known as quantized coordinate rings of classical varieties. 
(See, e.g., [10] for a general survey of quantized coordinate rings.) In §5.7, we show that 
the Eq case gives rise to a new quadratic Poisson structure on a 16 dimensional affine 
space, related to a half-spin representation of soiq. 
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5.1. For a general reductive Lie algebra g with fixed dual Borel subalgebras b as in the 
Introduction, consider an irreducible representation V^^ of g with highest weight A. Define 
the bivector field 

(5.1) < = xMer((y/)*,A2T(v/)*) 

(cf. (0.1) and §0.2) where x is derived from the action of q on {V^)*. If tt^ is Poisson, then 
the corresponding Poisson bracket on the algebra of regular functions on (V^^)*, identified 
with the symmetric algebra S{Vg), is induced by 

(5.2) {vi,V2} = m{rg{vi<^V2)), vi,V2eV^ 

where m : (8) V^^ S{V^) is the multiplication map, m{vi, V2) = viV2- 
In the setting of §0.2, for a e A+ and /3 e A+\A+ set 

(5.3) [ea, ep] = Noc,pea+p, [/«, e/j] = N_oc,p(^-a+i3, Na,i3, N_a,i3 e C. 

For a Lie algebra Q, we will denote by g' = [0, g] its derived subalgebra. 
Finally, for arbitrary J C P, denote by d\j the restriction of the highest root of g to (a 
dominant weight) of Ij. 

Proposition. Assume that G is a complex simple algebraic group and Pj is a parabolic 
subgroup of G with abelian unipotent radical. Then the following hold. 

(1) Under the adjoint action of Ij, the space rij is an irreducible representation of i'j 

with highest weight 6\j. The restriction of the Poisson structure ttj to B~ .Pj^ C G/Pj^ , 

. 1 

identified with rij by x ^ exp(x)Pj, coincides with —^T^, , cf. (5.1)-(5.2). 

(2) The Poisson structure on nj = {X]^gA+\A+ Vf^f/S \ ViS ^ — AI^^I~I'^jI from the 
first part is also is given by 

aj-yya+pV—a+f + N_a,/3Na,yy-a+l3ya+'y), /3,7eA+\A+. 

aeA+ 

Proof. The first statement of part (1) is well known. The simplest way to show it here, is 
to observe that Lj has finitely many orbits on Uj (acting by the adjoint action) because 
it has finitely many orbits on G/Pj. This implies that rij is an irreducible representation 
of I'j (under the adjoint action) and it must have highest weight 9\j. 

The second statement in part (i) now follows from the first one. Proposition 4.2(ii), and 
the definition (5.1). 

Part (ii) is an immediate corollary of part (i), see (5.2). □ 
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5.2. Assume that the positive simple roots cti, . . . ,aN of the simple algebraic group G are 
enumerated as in [1] . Recall that only maximal parabolic subgroups Pj of G can have an 
abelian unipotent radical. Moreover, those are exactly the parabolic subgroups PY\{a } 
for which the simple root am appears with multiplicity 1 in the expansion of the highest 
root of g in terms of the positive simple roots, i.e., the am height of 9 is equal to 1. In 
other words, am should be a cominuscule root. This leads to the following choices for am 
according to the type of G: 

An Q!i, • . . , aN, 

Bn ai, 

Cn ocn, 

Dn ai,aN-i,aN, 

Eq q;i,Q!6, 

E-j a-j. 

For the other types (i^g, -P4, G2), there are no parabolic subgroups with abelian unipo- 
tent radicals. Below we will denote by ujm the m-th fundamental weight of G. 

5.3. An case. In this case, g = sljv, 

^ = CKi + . . . + CKjv = o^i + a; AT, 

and all simple roots am {m = 1, . . . , N) are cominuscule. The derived subalgebra of the 
Levi factor of the parabolic subalgebra Pr\{a } ^r\{« } ~ ^^'^ ® slN-m+i- Under the 
adioint action of lp\ r i , the nilradical nt. r .is identified with (g) fK7^ )* where 
V^^^ denotes the vector representation of sli. In Part I, we showed that, after applying the 
twist [3, eq. (3.14)], the induced Poisson structure on ^Y\{a } corresponds to the standard 
quadratic Poisson structure on the space of rectangular matrices MN-m+i,m (cf. [3, eq. 
(1.7)]). It is the quasiclassical limit of the quadratic algebra of quantum matrices. 

5.4. -Bjv case. In this case, Q = S02n+i-i 

9 = ai + 2a2 + . . . + 2aN = 0^2, 

and the only root that is cominuscule is ai. Furthermore, lr\{Q,^} — S02Ar-i, and under 
the adjoint action the nilradical corresponds to the vector representation V^g^^^_^ 

of -S02Ar-i. If we identify 

N N 
"r\{ai} - {^^ii^N+i,! - EN+l,i) + ^|/j(£'j,i - EN+l,N+j) 

+ z{E2N+i,i - En+i,2N+i) I Xi, yj, z eC} = A^^~\ 
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then the induced Poisson structure on np^^^^i is given by 



2^X1 , Xj y — 




i < j 




-ViVj, 


i < j 


2{z,Xi} = 




for all j 


H^^Vj} = 




for all j 










-2 xiVi - 

l>i 


for all i. 



This is the quasiclassical limit of the odd dimensional quantum Euclidean space, O^^/^ ^(C), 
introduced by Reshetikhin, Takhtadzhyan, and Faddeev, [17, Definition 12]. (See [15, 
§§2.1, 2.2] for a simplified set of relations.) 

5.5. Cat-i-i case. In this case, = sp2Ar cind 

d = 2ai + . . . + 2q!jv-i + ckjv = 2u!i. 

The only cominuscule root is ctAr, and lr\{ajv} ~ "^^^^ under the adjoint action the 
nilradical tTp^|^^| corresponds to the second symmetric power S^iV^^^l) ^ of the 

vector representation of sIn- If we identify %\{ajv} 'with the space of symmetric matrices 
of size N by 



%\{ajv} 




Y 



^ — {yij)i!j=l-> Vij — Vji 

then the Poisson structure on n^, r , is given by 

{yij,yim} = (sign(m sign(i - j))yiiyjm 

+ (sign(Z - ^) + sign(m - j))yimyjl- 

Interestingly, this Poisson structure is not, as one might expect after seeing §5.4, the quasi- 
classical limit of a quantum symplectic space (see [17, Definition 14] or [15, §1.1]). Instead, 
it is the quasiclassical limit of the algebra of quantum symmetric matrices introduced by 
Noumi in [16, Theorem 4.3, Proposition 4.4, and comments following the proof| (with the 
parameters ak all set equal to 1), and of the one given by Kamita [11, Theorem 0.2] (with 
q and q~^ interchanged). 

5.6. Dn case. In this case, = SO27V, 

9 = ai + 2q!2 + . . . + 2q;jv-2 + OiN-i + OiN = 0J2, 

and the cominuscule roots are cui, q;jv_i, and cktv. (We will assume N > 4.) Below we 
consider those three cases. 
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(a) Root cti. Here ^r\{Q;i} ~ ^'^2(n-i) and rir\{ai}' considered an [p^^^^|-module under 
the adjoint action, is isomorphic to the vector representation V^s'^jc^-i) ° s<^2{n-i)- We 
identify 

TV N 

%\{ai} ^ {y^^XjjEN+i,! - EN+i,i) + ^yj{Ej^i - EN+i,N+j) I Xi,yj e C} 

i=2 j=2 
= ^2(JV-1)_ 

Then the induced Poisson structure on tip^|^^| is given by 

{xi,yi} = -^xiyi, for alH. 



l>i 



It is the quasiclassical hmit of the even dimensional quantum Euclidean space O^j^ ^\^), 
see [17, 15]. 

(b) Root ctAT. In this case, ^r\{ajv} ~ "^^^^ under the adjoint action nr^^Q,^}. is 
isomorphic to = A^Vg'^^ where V^^^ is the vector representation of sIn- Identify 
"^r\{ajv} ^^^^ space of skew-symmetric matrices of size N by 

"r\{ajv} = I y ^ ^ {yij)i!j = l^ Vij = -Vji^ ■ 

Then the Poisson structure on is given by 

HViji Vim] = (sign(/ - j) + sign(m - i))y^lyjm 

- (sign(i -i) + sign(m - j))yimyjl- 

This is the quasiclassical limit of the algebra of quantum antisymmetric matrices introduced 
by Strickland in [21, Section 1] (with q replaced by g^^^). 

(c) Root CKjv-i. One can lift the involutive automorphism of the Dynkin graph Dn 
(preserving ai, . . . , aN-2, and interchanging ajv-i and ckat) to an automorphism of SO2N 
that restricts to an isomorphism between lr\{aw_i} and tr\{ajv} (interchanging their r- 
matrices) and their modules tTpy|^_^ and rip^i^j^y As a result, that automorphism of 
S02Ar restricts to an isomorphism between the Poisson structures on tipy^Q.^^ and nr\{Q;iv}" 
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5.7. Eq case. With this example, we show that compact Hermitian symmetric spaces 
for exceptional groups give rise to new interesting quadratic Poisson structures on affine 

spaces. 

The highest root of the simple Lie algebra ee of type Eq is 

9 = ai + 2a2 + 20:3 + 80:4 + 20:5 + cte = 

and tQ has two cominuscule roots: cti and aQ. Similarly to §5. 6(c), one lifts the involutive 
automorphism of the Dynkin graph Eq that interchanges ai and ctg and fixes the other 
nodes to an automorphism of Cq that restricts to an isomorphism between tr\{Q,^j. and 

'^r\{a6}' between their modules Tir\{ai} ^r\{a6}" '^^^^ linear map provides an 
isomorphism between the induced Poisson structures on 1 and n^^r^ x- 

^ r\{ai} r\{a6} 

In the case of the root cti, we have ^r\{Q;^} — sOio? and as an [p^^^^^-module fip^iQ,^} is 
isomorphic to one of the half-spin representations V^^^^^ of sOio- As a vector space, V^d^ 
is identified with 

V © A^V © A^V 

for a 5 dimensional vector space V, cf. [9, Section 20]. A basis {vi, . . . , ^5} of V gives 
rise to the basis {vi-^ A ■ ■ ■ A f | n odd, ii < . . . < i^} of V^'^^^^- We view it as a set of 
coordinate functions 

{y/ I IC {!,..., 5}, |/| odd} 

on (Vg'^^^)*. In terms of those coordinates, the induced quadratic Poisson structure on this 
16 dimensional aflftne space is given by 

{yi,yj}= Yl sign(i - i)a[;/2/(7\{,})u{j}2/(j\{j})u{i} 



iei\J 
jeJ\i 



~2 ^ 4',jyi\{i,j}yju{i,j} + ^ Yl 4',jyiu{i,j}yj\{i,j}- 



{i,j}Cl\J {^,J}CJ\I 
i<j i<j 



Here, for two subsets / and J, and two elements i and j of {1, . . . , 5}, we set 

j)^{lel\i<l<j or j <l <i} 

and 



For example, for i < j, 
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